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ABSTRACT Neutron reflectivity is widely accepted as a technique to investigate interfacial properties with 
excellent resolution in many areas of polymer science. The use of simulated annealing procedures in connection 
with the matrix method and a matrix-tree algorithm is proposed to obtain a model-free fit of the scattering 
density profile from a given experimental neutron reflectivity curve. Due to the ill-defined nature of the 
phaseless Fourier transform problem, multiple minima and ambiguities exist. Simulated annealing procedures 
make it possible to overcome barriers and local minima during a fit since with a certain probability also those 
variations are accepted during the minimization procedure which do not improve the fit. To obtain physically 
meaningful solutions close to the global minimum, additional conditions have to be introduced and a reasonable 
starting profile has to be given. The potential of the technique is demonstrated by the analysis of theoretical 
model curves as well as experimental neutron reflectivity data. For the enrichment of components at interfaces, 
the interdiffusion between polymer films, and the development of surface-induced order in diblock copolymers, 
the method proves to reveal relevant features while specific details of the profiles are in some cases difficult 
to resolve. 

1. Introduction 
Neutron reflectivity is a technique with unique possi- 

bilities for the investigation of polymer surfaces and 
interfaces.lP2 This is to a large extent due to the large 
contrast which can generally be generated between com- 
ponents by deuteration of one species as well as to the 
excellent depth resolution of the te~hnique .~  Thus e.g. 
the interface width between two polymer films can be 
determined with subnanometer resolution and in addition 
the Scattering density profile may be resolved. Therefore 
the technique has been applied to various problems 
connected with interfacial properties of polymers includ- 
ing, for instance, the initial stages of interdiffusion between 
two polymer f i i ~ , 4 + ~  the surface enrichment of components 
in a polymer blend,8 or the surface induced order of 
blockcopolymers in a thin film.' 

In the analysis of neutron reflectivity data from poly- 
meric film systems, one is faced with the problem to obtain 
a reliable scattering density profile which is physically 
meaningful and consistent with already known parameters 
of the system. Those parameters could be for instance 
layer thicknesses, mean densities, or interfacial rough- 
nesses. A solution is generally not unique because of the 
phase problem, and many local minima for the deviation 
between experimental data and fit may exist. One usually 
tries to construct a model profile on the basis of the 
knowledge about the systems ahd to refine some (or all) 
parameters of the model. This procedure is thus closely 
connected to a particular model scattering density profile 
which one might guess from theory or intuition, but 
relevant features of the solution might be missing. In 
particular for more complicated problems which could be 
already a thin film of a polymer blend with different 
components on a substrate or a double layer system of two 
thin polymer films with interdiffusion and surface en- 
richment, it is sometimes difficult to obtain a good guess 
for an analytic form of the scattering density distribution. 
It sometimes turns out that the reflectivity curve can be 
quite sensitive on particular details of the model and 
various parameters could have a compensating effect on 
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the reflectivity fit. There is, of course, no general unique 
solution to this problem but the use of model-free fits can 
help to understand relevant features of the profile and 
might give a hint to, e.g., a specific interface enrichment 
or density distribution which might not be included in a 
simple model. Here we propose the use of the simulated 
annealing algorithm8yQ in connection with the matrix 
techniquelOJ1 for the calculation of neutron reflection 
curves to generate a model-free fit of a scattering density 
profile to a given experimental neutron reflectivity curve. 
Because of the lack of phase information, we are, of course, 
still faced with the general problem to obtain a unique 
solution from a measured reflectivity curve which to some 
extent can be solved using as much additional information 
on the investigated sample as possible. 

There are principally four ways of data analysis used up 
to now: (i) model fitting mostly in connection with the 
matrix techniquelOJ1 or recursion relations;12J3 (ii) ap- 
proximation techniques which in specific cases allow the 
direct estimate of certain parameters from the measured 
reflectivity ~ u r v e ; ~ ~ J ~  (iii) inversion techniques where the 
direct inversion of reflectivity data into scattering density 
profiles is tried;1° (iv) model-free fitting of reflectivity data 
again based on the matrix technique or approximation 
formulas. We have already mentioned problems connected 
with model fitting, approach i. Approximation techniques, 
approach ii, are based on kinematic scattering theory and 
neglect multiple reflecti~ns. '~J~ They are best suited for 
weakly reflecting smooth interfaces far away from the total 
reflection region. In this limit analytical expressions 
between reflected amplitude and scattering density profile 
can be derived1617 which may be used to obtain specific 
parameters of the profile by suitable plots of the reflectivity 
data. w9 

The most direct way of data analysis would be, of course, 
the direct inversion of the reflectivity curve intoa scattering 
density profile, approach iii. This is, however generally 
not possible since phases are not known without further 
information. The first problem one is facing when one 
tries to invert experimental data is the lack of general 
analytic expressions for the relation between scattering 
density and reflectivity curve. Only in simple casedo such 
relations exist and only recently a more general relation 
is s~gges t ed . '~~*~  For most practical cases one has to use 
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either approximation formulas or numerical techniques 
to determine the reflectivity from a given density profile. 
Based on approximation formulas one obtains a quantity 
analogous to the Patterson function by direct Fourier 
transform of experimental reflectivity data.21p22 Similar 
to normal scattering theory it is not easy to interprete the 
Patterson function in terms of the actual underlying 
density profile, but techniques similarly known in scat- 
tering theory may be also adopted to the reflectivity 
problem. Thus contrast variation by isotopic substitu- 
tion,lS anomalous scattering utilizing synchrotron radia- 
ti0n,~3,2~ or ferroelectric substrates in combination with 
polarized neutrons25 help to solve the phase problem. A 
combination of indirect Fourier transformation and 
square-root deconvolution2e is shown to reveal the scat- 
tering density profile under certain approximations, and 
other approaches for the solution of the inversion problem 
are disc~ssed.17*~0~27 They all have in common that 
approximation formulas are used which are rigorously valid 
only for smooth weakly reflecting profiles away from the 
total reflection edge, even if they have been shown to give 
reliable approximations over a large angular range if used 
with some further  modification^.^^^^ Inversion techniques 
are thus mostly used as supplementary techniques to 
determine significant features of the profile. 

As a model-free fitting technique based on the matrix 
method (approach iv) recently the maximum entropy 
algorithm is applied to the analysis of reflectivity data.29 
The profile is divided into a certain number of layers and 
starting from a reasonable initial profile entropy is used 
as a regularising function for the fit of the reflectivity 
curve by variation of the step height in the layer profile 
during the computations. Limitations of the technique 
are discussed and the importance of the inclusion of known 
parameters into the fit is emphasized to obtain a reliable 
scattering density profile. Calculations turn out to be very 
computer time consuming. 

We propose another approach of model-free fitting of 
reflectivity data based on the simulated annealing algo- 
rithms in connection with the matrix technique. Simulated 
annealing is a general fitting procedure which allows to 
overcome local minima during the fit. It thus helps to 
find the global minimum in a multiminimum problem 
which generally exists for the solution of the phase problem 
in a reflectivity experiment. I t  will become evident that 
the simulated annealing algorithm will give useful hints 
for possible solutions while the unambiguity of the 
solutions can only be removed by additional information 
about the sample. Simulated annealing has successfully 
been used in different areas including physics, chemistry, 
biology, and engineering.30v31 Recent applications to quite 
similar problems in crystallography have been reviewed.32 
We will first shortly describe the technique as it is applied 
to reflectivity data and then discuss on the basis of some 
examples the potential and limitations of this approach 
for the investigation of polymer interfaces by reflectivity 
techniques. 

2. Simulated Annealing 

For the calculation of reflectivity curves from a given 
density profile for comparison with experimental data, 
we use the matrix technique.loJ1 The generally smooth 
profile which might be given in the form of an analytical 
function has to be approximated by N discrete layers or 
step functions of width di and indices of refraction ni, 1 
I i I N. The indices of refraction ni are connected to the 
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scattering densities pibi for neutronslO 

X2 - ni = 1 - - pilli 
2 x  

where X is the neutron wavelength, pi the number density 
of layer i, and 6i the mean neutron scattering length of 
scattering particles in this layer. The matrix technique 
is an "exact" way to calculate reflectivity curves from 
density profiles provided the profile is approximated by 
a sufficient number of steps. Sufficient in that sense means 
that the step size is adapted to the experimental resolution 
which is given by the magnitude of the maximal measured 
wave vector, km, = (2x/X) sin 6" X is the neutron 
wavelength and 6" the largest measured angle. Details 
of the density profile which are smaller than x /  km, cannot 
be resolved given the specific experimental data. The step 
widths di for the approximation of the model profile can 
thus be adapted in a suitable way. 

The indices of refraction of step 0 and N + 1 are given 
as boundary conditions and are, for instance, the values 
of air or glass. The matrix for step function i is for angle 
6 

r 1 

where ki = 2x/X(n? - no2 cos2 6)o.5 holds. The product of 
the N noncommuting matrices is calculated 

r .I 

and finally the reflectivity for angle 6 is obtained as 

The fit proceeds by changing parameters in the analytical 
representation of the density profile such that the sum 
over different angles of the square of the difference between 
measured and calculated reflectivity is minimized. The 
reflectivity R is obtained experimentally from measured 
reflected intensities when the intensities are corrected for 
the primary beam intensity, geometrical effects, and 
background. 

In this work we want to represent the density profile by 
an arbitrary set of discrete steps where the parameters for 
each step may be changed independently. In the fit, one 
of the N step functions is randomly selected and its index 
of refraction (and/or its width) is changed by a randomly 
chosen amount. The change is accepted if the sum of the 
least squares is smaller than (or equal to) the previous 
value (a further restriction is discussed below). If it is 
larger, the change is still accepted with some probability 
p smaller than unity; i.e., the larger the sum becomes, the 
smaller the probability of acceptance. With this method 
one can also escape from a local minimum (simulated 
annealing). The calculation of this probability is arbitrary 
and some examples will be discussed in chapter 3. One 
could, for instance, choose exp(F0 - Fn)/(FnT), where F,, 
is the new and Fo is the previous (old) sum of square 
deviations, Fn 1 Fo. The smaller UT, the more likely one 
accepts parameters which yields a worse fit; Le., T i s  the 
analogue of temperature. Initially one chooses a large 
temperature T such that a bigger portion of parameter 
space is explored, and later when one optimizes preselected 
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matrix for the next level. This new matrix is again 
multiplied with its appropriate neighbor to replacea matrix 
in the next upper level. By 1 matrix. multiplications 
(instead of N - 1) the whole tree is updated and in the 
uppermost level the new total product is obtained. The 
1 old matrices have to be retained and are substituted 
back if the change is not accepted. Such a tree of products 
has to be stored for every k value where the reflectivity 
is calculated. 

This procedure considerably accelerates computation 
since matrix multiplications are kept to the absolute 
minimum. Computation times for a complete simulated 
annealing fit do depend of course considerably on the 
number, N ,  of steps chosen as well as on the k range and 
accuracy in k ,  i.e. the number of k values in the fit. It 
does, however, also depend on the starting conditions and 
how many iterations and smoothing procedures are 
necessary during a fit. For a reasonably defined problem 
a computing time of typically 15-90 min may be expected 
(on a VAX station 3100) as will be discussed below. In the 
following we will demonstrate on some examples the 
possibilities, limitations, and problems of the technique 
using both calculated as well as experimental reflectivity 
data as a basis for the simulated annealing fits. 

3. Results and Discussion 

The technique of neutron reflectivity may be applied 
to various problems in the area of polymer thin films and 
interfaces.'-' Here we will discuss in particular the 
application of the simulated annealing algorithm to the 
detailed determination of the interface between two thin 
polymer films, the surface enrichment of one component 
in a blend of two polymers, and the measurement of surface 
induced order in diblock copolymers. Those examples 
are current areas of research and originate from the attempt 
to obtain "simple" and reliable fitting procedures to 
experimental neutron reflectivity data while keeping the 
input into the fits to a minimum. In many cases it is also 
not straightforward and easy to construct an analytical 
model which contains all relevant features of the system 
and gives a reliable fit to the data. This is in particular 
the case during the interdiffusion of different materials 
where profiles are asymmetric, a net mass flow across the 
interface occurs, and one component might be enriched 
at the surface, at least at later stages of interdiffusion. 
While the reflectivity technique is extremely sensitive on 
specific details of the profile where, e.g., the slope is large, 
it is very insensitive on others. In addition there are 
generally a large number of possible solutions given an 
experimental curve with limited k range and statistical 
errors. Simulated annealing procedures cannot overcome 
all of those problems but will give hints on possible 
solutions and on their reliability. 

As a first example we will discuss the application of 
simulated annealing to the problem of the determination 
of the concentration or scattering density profile during 
initial stages of interdiffusion at  the interface between 
two polymers. One of the components will be deuterated 
and one will start from a sharp interface in a double layer 
system of a protonated and deuterated film on a smooth 
substrate. Heating the sample above the glass transition 
temperature Tg of at  least one of the components will start 
interdiffusion of components a t  the interface. For Fickian 
diffusion between identical materials, one can assume the 
formation of an error-function-type profile. For initial 
stages of interdiffusion at an interface between two 
polymers, however, significant deviations from a simple 
behavior are expected concerning both the time depen- 

Figure 1. Binary tree of matrix products used for a fast 
calculation of reflectivity curves for four different matrices. If 
the second matrix is changed, it is multiplied with the first to 
obtain the new value for the first product in the second row 
which in turn is multiplied with its right neighbor to  obtain the 
product of all four matrices. The matrices which are changed 
are marked by double lines. 

parameters, a smaller T is chosen. In fact we use in the 
beginning of a fit sometimes a constant probability; Le., 
if the new parameters set produced a worse f i t  than the 
old one, we accept it with a probability of, say, 5% (see 
also section 3). In later stages of the fit, a smaller 
probability is used. 

Because of the limited experimental k range, the 
measured reflectivity usually does not contain information 
about short range oscillations (<3 A). Therefore one has 
to take additional precautions to avoid large short range 
oscillations in the data. One introduces a constraint on 
the simulated annealing procedure which does not permit 
an increase (decrease) in the index of refraction of a given 
step in the profile if (i) its index of refraction is larger 
(smaller) than both the index of refraction of its left and 
of its right neighbor and if (ii) in addition the maximum 
of the absolute value of the differences to its neighbors 
exceeds a chosen value. This is controlled by a constraint 
parameter C which limits the maximal variation of n as 
described above. Nevertheless the profile becomes rough 
if fitting proceeds for a longer time. Periodically one 
therefore smoothes it by simply weighting the index of 
refraction of step i with that of its neighbors; i.e. step n, 
is replaced by (l/qni+l + l/pni + '/4ni-l). This is further 
discussed in section 3. The additional constraint and 
smoothing of the profile reduce significantly the number 
of independent variables and thus makes the fit only 
possible. Simulated annealing can of course also be used 
with profiles which are represented by analytical functions. 
The advantage of the method is, however, that one may 
obtain arbitrary shapes for the density profile unbiased 
from any model assumptions, but it may often be useful 
to combine free and model-based fitting. 

In performing the computation, one has to keep in mind 
that matrix multiplication is noncommutative. If one 
changes only the parameters of one discrete step of the 
profile and consequently only one matrix, one still has to 
multiply all N matrices in the correct order. To minimize 
the computational effort, we have utilized a binary tree 
of matrix products, schematically shown in Figure 1. The 
number of steps N is chosen as a power of 2, N = 2'3. In 
the zeroth level, 1 = 0, the N(=l) corresponding matrices 
are stored. In the first level, 1 = 1, N/2 products of two 
matrices are stored, i.e., the j t h  matrix in the 1st (kth) 
level is the product of the (2j - 1)th and the (2j)th matrix 
in the zeroth ((k - 11th) level. There are 2'4 matrices in 
the kth level and in the uppermost Zth level the product 
of all N matrices is stored. If one changes the ith step, one 
replaces the ith matrix in the lowest level. Then one 
multiplies it with its appropriate neighbor to obtain a new 
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constant during the fit since small variations at this 
interface do not influence the reflectivity curve very much. 
To evaluate the quality of a fit, we use for the sum of the 
square deviations F,,, respectively, the form 

F, = (Rex, -Rcdc)2 
(5) 

with Rexp being the experimental and R d c  the calculated 
reflectivity, respectively. This implies that we assume all 
values having the same relative error. Using a fit weighted 
with the statistical errors turns out to be not a reasonable 
procedure. Data in the low k range have very small 
statistical errors, but due to correction procedures for 
partial illumination of the sample, systematic errors are 
generally not negligible and difficult to specify. In addition 
usually the number of points in this range is chosen to be 
larger as compared to the wider k range, where experi- 
mental times to obtain reasonable statistics are much 
longer. Large k values prove, however, to be very important 
in the fit, since specific information of the profile, in 
particular details a t  a smaller length scale, is contained in 
data in this region. One therefore has to use a weighting 
of experimental, points, which increases the importance 
of data points a t  large k. 

After 100 iterations, where each iteration consists of 
150 statistical variations of a particular layer parameter, 
one has to get rid of small scale oscillations which have no 
significant effect on the calculated reflectivity curve. This 
is done by averaging over neighboring points with statistical 
weights I I 4 ,  lI2, and I I 4 .  This smoothing procedure is 
applied twice to the whole profile except to the polymer- 
air interface. Subsequently the number of layers was 
doubled to 64 by linear interpolation. After further 30 
iterations and another smoothing, the number of layers 
was doubled again. The result of the fit after another 30 
iterations is again shown in Figure 2c. There is an excellent 
agreement between “experimental” and fitted reflectivity 
curves and the profiles agree very well, even if we did not 
input any information about the polymer-polymer inter- 
face, neither its functional form nor its width. The 
pathway of the fit has been largely determined by the 
starting profile already and starting with a more general 
profile might have generated a quite different fit. The 
complete fit described above took 30 min of computing 
time and gives a very reliable picture of the original profile 
which was assumed for the calculation of the “experi- 
mental” reflectivity curve. Slight variations in the starting 
profile do not significantly influence the result. 

After this initial check one can proceed to actually 
measured neutron reflectivity curves. The system inves- 
tigated consisted of a top layer of poly(viny1 chloride) 
(PVC, M, = 39 000, Tg = 83 “ C )  on a bottom layer of 
deuterated poly(methy1 methacrylate) (PMMA, Mw = 
75 000, Tg = 120.5 “ C )  deposited on a float glass substrate. 
The sample used here was annealed between the glass 
transition temperatures of both polymers a t  T = 113 “C. 
In this temperature range the polymers are miscible,98 
while only PVC is above its Tg and mobile. 

Parts a and b of Figure 3 show the measured neutron 
reflectivity curves after annealing of the sample for 3.5 
and 7.5 h. The starting profiles, Figure 3d,f, consist of 
two layers of the two polymers on a glass substrate. The 
polymer-polymer interface after interdiffusion was mod- 
eled simply with a straight line. In order to take into 
account that the contact of the glass and the polymer is 
not perfect, the glass-polymer interface was represented 
by a superposition of error-function and exponential 

i min(R,,,Rcdc)2 

20 
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Figure 2. Simulated annealing fit of a calculated neutron 
reflectivity curve (a) of alayer of PVC (n = 1-4.6 X 10-6, thickness 
= 50 nm) on top of a layer of deuterated PMMA (n = 1-2.065 
X lod, thickness = 50 nm) on a glass substrate (n = 1-1.15 x 
lod). The interfaces have error function form with a width of 
u = 1 nm for the polymer-air interface, u = 6 nm for the polymer- 
polymer interface, and u = 0.8 for the polymer-glass interface. 
There is excellent agreement between the “experimental” re- 
flectivity curve (circles) and the fit (line). (b) In the upper part 
of the figure the model scattering length density profile expressed 
in (1 - n) versus depth z is shown. It agrees very well with the 
fitted profile (c). The starting profile for the fit was a sharp step 
(dashed line, bottom). 

dence of the interface width4p5 as well as the form of the 
p r ~ f i l e . ~ ” ~ ~  This is due to different time regimes of 
segmental motion across the interface as well as to possible 
distortions of the chain conformation or the enrichment 
of chain ends at  the i n t e r f a ~ e . ~ ~ ~ ~ ~  

In a first step the fitting procedure is tested using a 
model error function profile. A corresponding calculated 
reflectivity curve is taken as a basis for the simulated 
annealing fit. The profile of the index of refraction for 
such a layer system is shown in Figure 2. Also for the 
air-polymer and polymer-glass interfaces, error-function- 
type profiles have been assumed to simulate surface 
roughness which is typically of the order of 1 nm. The 
roughness of the air-polymer and air-glass interface and 
the thicknesses of the individual films can be determined 
from X-ray reflection experiments prior to neutron 
 measurement^:^ and similarly also the mean scattering 
densities are known for the pure materials. This infor- 
mation is put into the starting profile shown in Figure 2d. 
The interface width and shape between the films is 
assumed to be unknown and approximated by a sharp 
step in the starting profile. The starting profile consisted 
of 32 layers of variable width. 

The fit was done with a constant probability of p = 
0.005 to  accept a worse F value and a constraint 
parameter C of 0.25 X 10-6. The probability of changing 
the thickness di of a layer instead of changing its height 
(or ni value) was 2 76. The polymer-air interface was held 
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Figure 3. Simulated annealing fits to experimental neutron 
reflectivity curves of the system PVC on top of a layer of 
deuterated PMMA on a glass substrate. Samples are annealed 
between the glass transition temperatures of both polymers at 
113 "C for (a) 3.5 h and (b) 7.5 h. The agreement between 
experimental (dots) and fitted reflectivities (broken lines) is well 
within experimental errors. The scattering density profiles 
expressed in (1 - n) are shown in the lower part of the figure. For 
the starting profiles (curves d and f) the interface between the 
two polymer layers was modeled with linear profiles. In the fitted 
profiles (curves c and e) this interface is smeared out. Further- 
more, after the second annealing (curve e) we observe an 
enrichment of the deuterated PMMA at the polymer-air inter- 
face. The thickness of the PMMA (D) layer changed from 51.2 
to 49.6 nm during annealing and the thickness of the PVC (H) 
layer increased from 49.6 to 51.3 nm. The interface width of the 
polymer-polymer interface is about 6 nm. The thickness of the 
enrichment layer is approximately 4 nm. 

profile. Profiles consisting of N = 64 layers were used in 
fits of the data with the simulated annealing procedure. 
The fit to the sample annealed for 3.5 h was performed 
with p = 0.01, C = 0.5 X lo4 and a probability for the 
change of thicknesses of 0 . 5 % .  After 60 iterations a 
smoothing of the whole curve except the polymer-air 
interface was performed. After further 30 iterations 
followed by smoothing and another 15 iterations, the result 
shown in Figure 3c is reached. The fit to the reflectivity 
curve of the sample annealed for 7.5 h was performed in 
a similar manner with C = 0.5 X lo4, p = 0.01 and a 
probability of changing a layer thickness of 1 % . It took 
a total of 260 iterations. The polymer-air interface could 
not be kept constant in this case since otherwise it was not 
possible to obtain a good fit. Typical computation times 
for those fits were 15 min. It is not reasonable to increase 
the number of steps or the number of iterations since the 
fits already show very good agreement with experimental 
data within statistical errors. In both fits the linear starting 
profile is smeared out approaching an error-function-type 
profile. The exact analytical form is difficult to analyze. 

A striking feature of the sample with longer annealing 
time is the enrichment of deuterated PMMA at the air- 
polymer interface. This can be understood from a lower 
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Figure 4. Neutron scattering density profiles given by (1 - n) 
for a polystyrene/butadiene diblock copolymer and corresponding 
reflectivity curves: (a) model profile used to generate calculated 
reflectivity curves for further fits (L = 14.3 nm, [ = 8.9 nm); (b) 
starting profile for fit; (c) final fitted profile from simulated 
annealing fits. Corresponding reflection curves are also given 
(d-f). The starting profile for the fit, curve b, and the corre- 
sponding reflectivity curve, curve e, does not describe the data 
well, while the fitted profile, curves c and f, both reproduce the 
model reflectivity data and the model profile quite well. 

surface tension of PMMA with respect to PVC and a 
diffusion of PMMA through the relatively thick PVC layer. 
Small PMMA concentrations in the PVC layer are difficult 
to detect with neutron reflectometry since the PVC level 
in the (1 - n) plot will only change slightly. The reflectivity 
curve is not very sensitive on the exact location of this 
level. Surface enrichment in a blend of deuterated and 
protonated polystyrene has been observed previously by 
neutron ref le~tometry.~~ This example of PMMA/PVC 
interdiffusion is a nice demonstration that a model-free 
fit to reflectivity data can reveal specific features of the 
scattering density profile which one might not initially 
tend to include in a simple analytic fitting procedure. 

In the following we will illuminate some of the problems 
connected with model-free fits to reflectivity data. We 
will first discuss variations of the fitting algorithm on the 
results, show the influence of starting parameters and 
profiles on a reasonable fit, and finally discuss relevant 
parameters of the simulated annealing procedure. We 
use another example of a model profile describingsurface- 
induced order in block copolymers as expressed theoret- 
ically by Fredrickson.a Also experimentally surface- 
induced order in block copolymers has been irive~tigated~~3~ 
originating from the surface enrichment of one component 
due to a lower surface tension. A typical profile is shown 
in Figure 4a for a diblock copolymer with one block 
deuterated. Data correspond to a symmetric diblock 
copolymer of polystyrene and polybutadiene of total 
molecular weight 34 000. Theory4O predicts an exponen- 
tially damped cosine modulation of period L and corre- 
lation length 5. For the following fits the reflectivity curve 



Macromolecules, Vol. 26, No. 16, 1993 

calculated from this profile, Figure 4d, is taken as the 
"experimental" curve. 

For a simulated annealing fit one may assume a constant 
mean scattering density over the film, Figure 4b, as a 
starting profile. The corresponding reflectivity curve, the 
solid line in Figure 4e, shows significant deviations from 
the target curve. The result of the fit, Figure 4c, reveals 
all the relevant features of the model profile and yields an 
excellent fit of the model reflectivity data, Figure 4f. One 
might, however, ask the question how significant such a 
fit really is and whether there are not other possibilities 
to interprete the given reflectivity curve, Figure 4d. We 
will try to illuminate this question which actually has to 
be put for most scattering investigations in a similar way, 
from various viewpoints. 

First we can ask, how much the used algorithm influences 
the result. We checked three different algorithms for the 
acceptance of changes in the profile. In all cases the change 
is accepted if Fn < Fn-1; otherwise the change is accepted 
only with the probability 

(1) p = constant 

(3) 

Case 1 used for values of p between 0.05 and 0.0001 reveals 
usually quite fast converging fits, which are, however, still 
able to escape from local minima. The final fits are not 
sensible to the exact value of p. The fits presented here 
are obtained with values of the p = 0.001. 

Case 2 proves to be very sensitive in choosing the right 
analogue temperature T. If T i s  taken too small, the fit 
will be captured in a local minimum, if it is too great the 
fit will be quite noisy before being good. Furthermore it 
is necessary to lower the temperature T during the fit to 
obtain good results. So we did not use this case for any 
of the fits presented here. Case 3 is also rather insensitive 
on the "temperature" T and converges even better than 
case 1 if T i s  set to about 0.002. 

Figure 5 shows fib done with algorithms 1 and 3. Several 
profiles in different stages of the fit are plotted over one 
another. Both procedures yield rather good fits and 
produce similar profiles in different runs. The fits using 
algorithm 3 are slightly better and exhibit smaller dif- 
ferences among each other. Fits using algorithm 1 with 
p = 0.01 and with algorithm 3 with T = 0.002 find the 
same minimal F values. Both leave local minima with 
similar probabilities, but algorithm 3 explores these 
minima in more detail and recovers faster after an escape 
of local minima. All other examples presented here are 
calculated with algorithm 3 and T = 0.002. 

In Figure 6 fits obtained from constant starting profiles 
with different mean n are shown. If the mean n value of 
the starting profile, case b (1 - n = 1.35 X 10-9, coincides 
with the model profile to be fitted (Figure 6b) the fit 
converges rather fast (400 iterations, 40 min CPU time, 
F = 0.01) and is in best agreement with the model data. 
If n of the starting profile deviates from the mean n of the 
model profile to be fitted (a) 1 - n = 1.75 X 106 or (c) 1 
- n = 1.0 X 106, which corresponds to the changes in 4ps 
of k0.2, the fit needs much more computing time to 
converge and the best fit is not as good as in case b 
mentioned above (1000-2000 iterations to obtain values 
(a) of F = 0.08 in 100 min or (c) F = 0.33 in 200 min). 
Nevertheless all fits show a surface-induced order with 
the right periodicity L and decay length 5 in the sample. 
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Figure 5. A comparison of fits obtained by algorithm 1 (curves 
b and d) and 3 (curves a and c) as explained in the text. Several 
fitted profiles at different annealing stages during the fit are 
plotted one over another (between 400 and lo00 iterations). The 
reflectivity data are reproduced by both fitting algorithms, but 
fits with algorithm 3 converge slightly better than those with 
algorithm 1. 

If the n values of the starting profiles differ even more 
than in the cases shown, the simulated annealing fits fail 
to converge to a reasonable agreement with the reflectivity 
data. 

In all the above cases the layer thickness in the starting 
profile was not equidistant but with a greater density of 
layers in the region where surface induced order was 
expected and changes in n should have been greatest. A 
fit with equidistant distributed layers converges in about 
the same time (ca. 400 iterations, case b above) and fitted 
profiles do not differ significantly. The nonequidistant 
distribution of layers leads to better F values since the 
given structure can be better approximated. A final check 
concerns the smoothing procedure at  different stages of 
the simulated annealing fit. 

As already mentioned before in section 2, one needs to 
put certain constraints concerning the smoothness onto 
the fitted profile. Otherwise one would obtain profiles 
with small scale oscillations which are of no physical 
significance. The constraint parameter (C) turns out to  
be a rather important parameter in the fits. If C < 108, 
the fit will converge only very slowly if it converges a t  all. 
Choosing values of C > 108 the fit will converge very fast 
but will lead to profiles with rather strong short range 
oscillations. Figure 7 gives an example where C was set 
to 2.5 X lP instead of 0.5 X 108 used for all other 
calculations. This fit was obtained in only 10 iterations 
(5 min of CPU time) and yields an F value of 0.77. 
Smoothing the profile will still give a reasonable fit with 
F = 2.2 (Figure 7b). Of course, there are deviations from 
the data both before and after smoothing of the profile, 
but repeated fitting and smoothing will improve the fit 
and is on the other hand a very fast way to get an idea 
what the profile might look like. 
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Figure 6. Fits obtained from different starting profiles with 
varying mean scattering density, (a) 1 - n = 1.75 X le (b) 1 - 
n = 1.35 X lod, (c) 1 -n = 1.0 X lP,andcorrespondingreflectivity 
curves (d-0. All fits describe model reflectivity data quite well. 
The profiles exhibit the major features of the model profile shown 
in Figure 4a. The fit starting with the correct mean n (curve b) 
results in the best profile and fit (curve e). 

4. Conclusion 
We have shown in several examples, which include both 

calculated as well as experimental neutron reflectivity 
curves, that the technique of simulated annealing in 
connection with the matrix technique provides a versatile 
tool to obtain density profiles from reflectivity data. With 
minimal knowledge about the system to construct a 
reasonable starting profile for the fit, one can obtain a 
model-free solution to this ill-posed problem. The prin- 
cipal problem is that one generally is lacking knowledge 
about phases during the inverse Fourier transform which 
results in multiple minima and ambiguities for the solution. 
With additional information about the sample, one can 
try to overcome this problem. The proposed simulated 
annealing technique thus uses the knowledge about the 
sample in an optimal way and has been adapted by some 
modifications to the complex problem of fitting neutron 
reflectivity data. I t  may, however, not be considered to 
be a mathematically unique and strict procedure. 

A modified computational technique has been proposed 
utilizing a matrix tree algorithm. This technique may be 
generally used in similar problems and can significantly 
reduce computation time during fits. Depending on 
complexity of the fit and quality of the starting profile, 
reasonable computing times are needed and the technique 
may well be used as a “standard” procedure for the analysis 
of reflectivity data. For comparison with theory or 
quantitative analysis an additional fit of reflectivity data 
with a particular model might still be necessary, but 
simulated annealing can considerably help in the con- 
struction of such an analytic model which is otherwise 
sometimes difficult to obtain. Techniques of this sort will 
be needed to provide a solid basis for data analysis of 
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Figure 7. Effect of smoothing procedures on simulated annealing 
fits: Relaxed constraints (C = 2.5 X lo”) (curves a and c) on the 
smoothness of the profile lead to a very fast convergence of the 
fit but a profiie with strong short range oscillations. Smoothening 
over these oscillations (curves b and d) gives a smooth profile 
which still approximates the model profile (Figure 4a) reasonably 
well. 

reflectivity data which can be otherwise quite time- 
consuming. With the increasing number of neutron 
reflectometers and thus also the increasing number of users 
of this technique, standard procedures of data analysis 
will be needed. 

The technique can of course equally well and with only 
minor modifications be applied to X-ray reflectivity data. 
Here, however, one is faced with the contrast problem 
which in the case of X-rays and polymers is much more 
difficult to resolve as compared to the neutron case where 
a suitable contrast between components can be generally 
achieved by deuteration. 
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